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Abstract 

In a deformation quantization of M", the Jacobi identity is automatically satisfied. 
This article poses the contrary question: Given a set of commutators which satisfies the 
Jacobi identity, is the resulting associative algebra a deformation quantization of M"? It 
is shown that the result is true. However care must taken when stating precisely how and 
in which algebra the Jacobi identity is satisfied. 

MSG 53D55, 81S10, 81R60 

1 Introduction 

Deformation quantization of a Poisson manifold Ai is usually defined in terms of a star product. 
This is a product on C°°(A^) [[e]] which is the set of the infinite sums of complex valued functions 
of the form Yl'^o^''fr where G C°°{A4). The star product is given by 

* : C'^iM)[[e]] X C'^{M)[[£]] C^{M)[[£]] ; 

(oo\/oo\oooooo /-|\ 
r=0 / \s=0 / r=0 s=0 t=0 

where 

Cr:C°^{M)xC°°{M)^C°^{M), (2) 

are differential operators, 

Coif, 9) = f 9 and C,{f,g)~C,{gJ) = {f,g}. (3) 

We require -k to be associative, f -k [g-kh) = {f -k g) ik h hr f,g,he C°°{M)[[s]]. 

We know from Fedosov, Kontsevich and others that such a construction is alway possible, 
and the degree to which it is unique. For the case that = M" we know that, for a given 
Poisson structure, it is unique up to equivalence. Excellent reviews of deformation quantization 
are given in |2] . 
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An alternative, and arguably more intuitive, way of defining a deformation quantization, is 
via a quotient of the free algebra C[[£]](a;i,.., x^)- In this article we fix n and we write 

^=C[[e]](xi,..,x„). (4) 

As a set 



r=0 



ar e C{Xi,..,Xn) > . (5) 



Recall C{xi,.., Xn) is the free associative noncommutative algebra generated by {a^i,.., a;„}, i.e. 

is a finite sum of finite strings of ajj's, with the product of two string given by concatenation. 
The deformation parameter e ^ T commutes with all the elements f ^ T . Thus the product 
in C[[£]](a3i,..,a;„) is given by 

''oo \/oo \ oooo 

J] e'a, ^'b, ]=Y,J2 ^"^""-rbs ■ (6) 

,r=0 / \s=0 / r=0 s=0 

There is the natural surjective homomorphism 

TT^ : JF ^ C[xi,..,a;„] ; 7r^(£) = , 7ijr{xi) = Xi , (7) 

where C[xi,.., x„] is the algebra of polynomials in Xi,.., x„. Recall : JF ^ ^ is a homomorphism 
of algebras over C if ■ip{f + g) = ipif) + 'ipig)^ ^ifd) = V'(/)V'(fl') and ip{X) = A for A G C. 

We use the notation of bold symbols for elements of noncommutative algebras and unbold 
symbols for elements of commutative algebras. 

In this article we are concerned with the deformation quantization of A4 = R". However 
for this introduction we consider the more general case when Ai is an algebraic manifold or 
variety with an algebraic Poisson structure. Let be an m dimensional manifold or variety 
given by 



Fs{xi,..,Xn) = 0, s = l,..,n-m 

where Fs{xi,..,Xn) are polynomials. 

Let V{A4) C C°°{Ai) be the subalgebra of polynomial functions in xi,..,a;„, together with 
the projection 

iP : C[a;i,.., x„] ^ V{M) = C[xi,.., x„]/{F, = 0} . (9) 

It is convenient to use the notation '/{-Fs = 0}' for tp, especially in commutative diagrams. 
Likewise for the other quotienting homomorphisms. 

Let the Poisson structure {•, •} be given by {xi,Xj} = Cij{xi,..,Xn), where Cjj(xi,.., x„) are 
also polynomials, which in general may depend on all the Xj's. To be consistent with (jH)) we 
require {xi,Fs} = 0. 

A deformation quantization of {A4, {•, •}) is given by a choice of Fg, Cij G where 

'Kjr{Fs) = Fs, njr{Cij) = Cij , for s = l,..,n-m and i, j = l,..,n, (10) 



2 



such that the following diagram of homomorphism of complex associative algebras commutes: 



I {Fs=0, [xi,Xj]=eCi-j} 



/{e=0, [xi,Xj]=Q,} 



I.e. TTjr 



i.e. 'i/jjr 



i.e. 1/1 



■A 

/{e=0} 
i.e. TT 



where 



and 



^Ij^-.r ^ A = r/{[ 



srC- F 



l,..,n, s 



l,..,n 



TT : ^ ^ P(;V/1) ; 7T{e) = 7r(a;i 
We impose the property on A: 

Given f & A such that ef = 



Xi 



m} (12) 



(13) 



We use square brackets to represent the commutator [/, g 
It is easy to see that this gives the Poisson structure via 

{n{f),n{g)} = n{e-'[f,g]) 



then / = 0. 

fg-gf Clearly Cij 



(14) 



(15) 



Note that the element e^^ ^ A^ since otherwise the map tt would not exist. What we mean 
by (|TH|l is that we manipulate [/, g] using (|T^ so that it is of the form [/, g] = eh, then 
{7r(/), TT{g)} = 7i{h). It is not hard to show that this manipulation is always possible and that 
the result is independent of the choice of / and g. 

Borrowing the language from quantum algebra we call an ordering, any linear map u : 
V{A4) —* A such that 7r(ci;(/)) = / for all / G V{Ai). Orderings are far from unique. For 
example for the deformation quantization of M? we can set uj{xiX2) = X1X2 (normal order) or 
uj{xiX2) = ^{xiX2 + X2X1) (Wick order) or ti;(a;ia;2) = X1X2 + eh where h E Ais any element. 

Given an ordering, we can use this to construct the star product via 



r-l 



Crif, g) = 7rie-n u{fMg) - ^^Csif, 9)) 



s=0 

However in general this star product will not be a differential star product, i.e the Cr will not 
be differential operators. 

We observe that n : A ^ V{A4) must be surjective. This is because the maps ttjf and ip 
are both surjective. This imposes severe restrictions on the possible choices of Fs and Cij. In 
general random choices of Fg and Cij will either produce inconsistencies or counter (jl4|) . For 



example = C[[£]](a;, y) , [x, y] = eCxy = ^ , -Fi = ya; = , then = {yx)y 
in A. Thus y = Q and tt is not surjective. 

Examples of deformation quantization constructed in this manner include 

• The Heisenberg algebra: 



y{xy) 



ey 



T = C[[e]]{p,q) , [p,q] = ie 
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• The Manin Plain: 

T = C[[s]] {x, y) , [x, y] = i£{xy + yx) . 

Note setting q = (1 — is){\ + ieY^ gives xy = qyx. 

• The Fuzzy or Noncommutative Sphere [3]: 

T = C[[e]] {x, y, z) , [x, y] = iez , [y, z] = iex , [z, x] = iey , x^ + y'^ + z"^ = 1 . 

• The Noncommutative Sphere- Torus j3]: 

^ = {x, y, z) , [x, y] = iez , [y, z] = ie{wx + xw) , [z, x] = ie{wy + yw) , 
z^ + = 1 

where w = x^ + y'^ — R and i? G M. 

From now on, we concern ourselves only with the case that Ai = M", so there are no -F^'s- 
Clearly since A is an associative algebra then the Jacobi identity is satisfied, 

[Xi, [Xj, Xk\] + [Xj, [Xk, X,]] + [xk, [Xi, Xj]] = (16) 

which implies 

[xi, Cjk] + [xj, Cki] + [xk, Cij] = 0. (17) 
We can ask the reverse question, that is: 

Given a choice of Cij which obey the Jacobi identity (fTTjl . is the resulting quotient 
algebra 

'iIj:f ■ ^ ^ A = J^/{[xi,Xj] = eCij , i,j = l,..,n} 

a deformation quantization? 

We prove that this is true. 

However the statement of the theorem is a little tricky since we must ask in which algebra 
the Jacobi identity (fTTj) is being evaluated. There is no point evaluating it in since this will 
almost never be satisfied, even when the resulting ^ is a deformation quantization of R". Also 
we cannot evaluate it in A since fITTjl will always be satisfied even if A is not a deformation 
quantization of M". 

In order to state the theorem we first define the normal ordered elements of JF and the 
complete ordering map. 

We define the normal ordered elements of as the subset 

oo 

jr^^ = e'J^^ c J" where = span|a;^^a;^2 • • ■ n,.., r„ G n} . (18) 

s=0 

There exists a complete ordering map, 

: ^ -^"^ , (19) 

which is linear and has the property 

(j)oc{[xi, Xj]) = e(f)^{Cij) . (20) 
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The term ordering is used because again, in some sense, we are choosing an order. However 
this is a map on a different space to uj defined above. 



A 



(21) 



C[xi,..,a;„] 

This map is defined in section |21 Using this map we can define a product on JF^ via 

This article is to prove the following theorem: 
Theorem 1. The following are equivalent: 

• The quotient algebra A is a deformation quantization o/C[xi,..,x„]. 

• The product fi on is associative. 



(22) 



1 (^Xi, Cjk] 



0, 



Vz,j, = l,..,n. 



(23) 
(24) 

(25) 



The proof of Theorem 1 is given in section |21 
A simple Corollary to theorem 1 is 

Corollary 2. Given any Cxy G = C[[£]] (a;, y), then we have a deformation quantization of 

One application of Theorem 1 is the establishment of the deformation quantization of a 
general manifold or variety A4, given Fg and Cij. In general this is a difficult task. However 
we can divide the task in two by first quotienting by [xi, Xj] = eCij and then by -F^ = as 
follows. 




/{Fs=0} 



■A 



(26) 



/ {Fs=0} 



■V{M) 



The task now reduces to: first establishing that the Jacobi identity given by Cij reduces to 
zero and thus showing that i3 is a deformation quantization of C[xi,.., a;„]; second: showing 
that Fg is in the centre E, i.e. that [i^s, cCj] = 0. 



2 Definition of (f)^ and proof of (1251) =4> ( 1241) in Theorem 1 



Let JFq = C(a;i,.., a;„) C be the algebra of elements with terms with no e factors. We can 
also set eJ-' = {ef \ f G J-'}, so that JF = jFg © eJ-'. We define the linear map 



(27) 
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where J^^ is given by (fTHj) as follows: Since (j) is linear we need only define its effect on words 
(monomials). If / G eT then let = /• If / G JFq is a monomial then / is a permutation 
of a completely ordered string 

ri factors r'2 factors r„ factors 

X\ ■ ■ ■ Xi X2 ■ ■ ■ X2 ■ ■ ■ Xn ■ ■ ■ Xn ■ 

We know, therefore, that / can be written in the form 

/ = Xi^X2^ ■ ■ ■ xl^"- + terms containing commutators, i.e. terms of the form g[xi, Xj]h 

and we can fix one such expression for each monomial /. We then replace the terms with 
commutators in using the relation 

[xi, Xj] ^ eCij (28) 

thus forcing these terms to be in sj-". So far we have not completely defined (p. For example 
there are two ways of reordering X3X2X1: 

X:iX2Xi =X3XiX2 + X3[X2, Xi] = X1X3X2 + X3[x2, Xi] + [^3, Xi]X2 

=XiX2X3 + Xi[x3, X2] + X3[X2, Xi] + [x^, Xi]x2 (29) 
h^XiX2X3 + £XiC32 + eXsC2l + eCuX2 

and 

X3X2X1 =X2XsXi + [033, X2]xi = X2X1X3 + X2[X3, Xi] + [^3, X2]Xi 

=XiX2X3 + [X2, Xi]x3 + 032 [2:3, Xi] + [0:3, X2\Xi (30) 
\-^XiX2X3 + £€21X3 + £X2Cj,i + £Cj,2Xi . 

We choose the following algorithm to make well defined. First move all the a^i's left starting 
with the left most, then move all the a;2's left, and so on. Thus (l){x3X2Xi) is given by ()29|) and 
not pi)) . 

To make this more precise we define the following relationship on monomials. Let / G JFq 
be a monomial, we write cCj -< / if all the factors in / have a strictly higher subscript than 
Xi, and Xi ^ f ii all the factors in / have a higher or equal subscript than Xi, i.e. if / has m 
factors we can write / = a;o-(i) ■ ■ ■a;o-(m), where a : {!,.., m} {!,.., ra}. We write 

Xi ^ x^^iy ■ x^i^rn) if i < cr{k) , k = 1,.., Ul , ^^^^ 
Xi ^ x^^iy ■ x^(rn) if i < cr{k) , k = 1,. ., m . 

Given any monomial / G JFg there exists a lowest factor with respect to -< which is the factor 
Xi such that Xi ^ /. The lowest factor decomposition of / means writing / = gxih where 
g,h E J-'o are monomials such that Xi g and Xi ^ h. Thus the Xi in f = gXih represents 
the left most lowest factor of /. 

Given the monomial Xa-[i) ■ ■ ■ Xa-(m) such that Xi -< ■ ■ ■ x„(^m) let 

m 

C(iCa(l) ■ ■ ■ X„(^r-l),Xi) = ^a;CT(i) ■ ■ ■ X„(^r-l)C „(r) iXa{r+l) " " " ^^^(m) (32) 

r=l 

and let C(l, Xi) = 0. We observe that C(«, Xi) obeys a Leibniz rule. 

Lemma 3. Given the monomials f,g & J^o and i G {!,.., n} such that Xi -< fg then 

C{fg, Xi) = C{f, x,)g + fC{g, x,) . (33) 
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Proof. First observe that Xi -< fg if and only if both Xi ~< f and Xi -< g. Let / = Xij{i) • ■ ■ iCo-(m) 
and g = a3o-(m+i) • ■ ■ ^Ccr(s), then (jH^ follows from (jH^ . □ 

We set 0(1) = 1 and define </>(/) for monomials f E J-'o inductively via the lowest factor 
decomposition: 

(f){gxih) = Xi(j){gh) + £C{g, Xi)h , (34) 
where Xi -< g and xi ^h. Also let 

Hf) = m-f- (35) 

Let J be the ideal generated by the Jacobi identity, i.e. 

J = SY>&ri\^f([xi,Cjk] + [xj,Cki] + [xk,Cij\^g f,geJ^, i, j, k = l,..,n^ (36) 
and let /C be the algebra generated by the elements A(gr), i.e. 

/C = span|/A(^)h | f,g,heJ^Y (37) 
Lemma 4. Lei f E J-'o be a monomial such that Xi ~< f and Xj -< f then 

[C.„ /] + [C{f, X,), X,] - [Cif, x^), Xi] e J+IC . (38) 

Proof. We shall prove this via induction on the number of factors in /. Clearly if / = 1 then 
(jHS|) is trivial. If / = aj^ then the Jacobi identity. Assuming (|HH|) is true for /, consider 
for f ^ Xkf gives us: 

[Cij,Xkf] + [C{xkf,Xi),Xj] - [C{xkf,Xj),Xi] 

= [Cij, Xk]f + Xk[Cij, f] + [Ckif, Xj] + [xkC{f, Xi), Xj] - [Ckjf, x.i\ - [xkC{f, xj), x.i\ 
= [Cij, Xk]f + Xk[Cij, f] + [Cki, Xj]f + Ckiif, Xj] + [xk, Xj]C{f, Xi) + Xk[C{f, Xi), xj] 
~ [Ckj: Xi]f — Ckjlf, Xi] — [xk, Xi]C{f, Xj) — Xk[C{f, Xj), Xi] 

= (^[Cij,Xk] + [Cki,Xj] + [C jk, Xi]^ f + Xk(^[Cij, f] + [C{f,Xi),Xj] - [C{f,Xj),Xi]^ 
+ {Cki[f,Xj] - [xk,Xi]C{f,Xj)^ + (^[xk,Xj]C{f,x.i) - Ckj[f,Xi]^ e J+JC, 

since clearly the first term is in J', and the second term is in J+K, due to the induction 
assumption. The third and fourth terms are in K due to the following: since Xj -< f, then 
(j){fxj) = Xj(j){f) + eC{f,Xj) and (j){xjf) = Xj(t){f), hence (j){[f,Xj]) = £C{f,Xj). Hence 

Cki[f, Xj] — [xk, Xi]C{f, Xj) = Cki[f, Xj] — eC kiC {f , Xj) + eC kiC {f , Xj) — [xk, Xi]C(f, Xj) 

= -CkiA{[f, X,]) + A{[xk, Xi])Cif, Xj) e /C . 

□ 

Lemma 5. Let f E To he a monomial such that Xi -< f then 

<j){A{f)x,) G e{J+IC) . (39) 
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Proof. Let / have m factors. We define f^-r ^^"^ 9r^ inductively on r = 0,..,m, to be mono- 
mials in JFq with m — r and r factors respectively. Let = / and = 1. For each k let 
a, & G J-Q so that f^_j. = ax^h is the lowest factor decomposition of fm-r- Let f^_^_i = ab 
and Qj-^i = gxk. Thus is normal ordered. We shall prove by induction (backwards) on r 
that 

K e eiJ+JC) where K = (j){gMf^_,)x,) . (40) 

For r = m then /q = 1 and 0(1) = 1, so A(l) = and thus hm = 0. Similarly if r = m — 1 
then = Xg for some s and 4>{Xs) = Xg, so A{Xs) = 0, thus /im-i = 0. 

Assume h-^+i G £(J'+/C). Let /^-r = axkb be the lowest factor decomposition of fm-r- 
Then 

4>{fm-r) = (Pi^Xkb) = Xk(p{ab) + eC{a, Xk)b = Xk(p{fm-r-i) + sC{a, Xk)b , 

thus 

</'(t/r^(/m-r)aJi) =(j){gM .m-r)Xi) " (t){g r f n^^r^ i) 

=(t){g^Xk(t){fm-r~i)xi) + eg,C{a,Xk)bXi - (j){gJ^_^^.Xi) 

=(l)igr+A{fm-r-l)Xi) + (j){gr+lfm-r-lXi) + £grC{a, Xk)bXi - (j){gJ^_^Xi) 

=K+i + (pig^XkabXi) + eg^C{a, Xk)bXi - (pi^g^ax^bxi) . 

(41) 

Looking at the terms in (j41|) we have 

(p{g^.XkabXi) = Xi(j){g^Xkab) + eC{g^Xkab, Xi) 

= Xig^Xk(t){ab) + £(C(tji.^, Xi)xkab + g^Ckiab + g^.XkC{a, Xi)b + g^XkaC{b, Xi)) 

and 

(f){gj.axkbxi) =Xi(j){g^aXkb) + eC{g^axkb, xi) 
=Xig^(j){aXkb) + eCig^ax^b, Xi) 
=Xig^Xk(t){ab) + eC{g^aXkb, Xi) + eXig^C{a, Xk)b 
=Xig^Xk(f){ab) + £(C(tji.^, Xi)axkb + gj.C{a, Xi)xkb + g,aCkib 
+ g,.aXkC{b, Xi) + Xig^.C{a, Xk)b) , 

thus 

(j){g^XkabXi) + eg^C{a, Xk)bXi - (p^g^ax^bxi) 

=e(c{g^, Xi)xkab + g^Cuab + g^XkC{a, Xi)b + g^.XkaC{b, Xi) + g,.C{a, Xk)bxi 

- C{g^, Xi)axkb - grC{a, Xi)xkb - g^aCkib - g,.aXkC{b, Xi) - Xig^C{a, Xk)b^ 

=e(^C{g^, Xi)[xk, a]b + g^[Cki, a]b - c/^[C(a, Xi), Xk]b + g^[xk, a]C{b, Xi) 

+ grC{a, Xk)[b, Xi] + flf jC(a, Xk), Xi]b - [xi, c/JC(a, Xk)b^^ 

=£g^.(^[Cki,a] - [C{a,Xi),Xk] + [C{a,Xk),Xi]^b 

+ e([g^,Xi\C{a,Xk)b - C{g,.,Xi)[a,Xk]b + g^.C{a,Xk)[b,Xi] - g^.[a,Xk]C{b,Xi 
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Since Xi -< a and -< a then, from lemma |31 we have 

gr.(\Cku a] - [C(a, Xi), Xk] + [C(a, Xk), Xi]^h G . 

Also 

[g^, Xi]C{a, Xk)b - C{g^., Xi) [a, Xk]b 

= [g,., Xi]C{a, Xk)b - eC{g,., Xi)C{a, Xk)b - C{g,., Xi)[a, Xk]b + C{g,., Xi)eC{a, Xk)b 
= -A{[g^, Xi])C{a, Xk)b + C{g^, Xi)A{a, Xk)b G IC . 

Hence we have 

(j){g^XkabXi) + £g^C{a, Xk)bxi - (p{g^axkbxi) G e{J+}C) . (42) 
Substituting (j^ . and the induction assumption hr+i G e{J'+}C), into (PT|) gives 

hr = (t>{gAUMi) e e{J+iq . (43) 
Hence hj. G e{J+lC) for all k. In particular /iq G £(i7+/C) which is equivalent to (|^. □ 
Theorem 6. 

0(/C) C s(:r+/C) . (44) 

Proof. We need to show (j){fA{g)h) G £(J7'+/C). From linearity we can assume that f , g, h & 
are monomials with no £ factor. We shall use induction on the total number of factors in /, g, 
and h. Let Xk be the lowest factor in the monomial fgh. Thus the lowest factor decomposition 
of fgh is either: fgh = axkbgh or fgh = faxkbh or fgh = fgaxkb depending on where 
the left most x^ occurs. Taking each case in turn: 

If / = ax^b then our induction assumption is (f){abA{g)h) G £{J+K,) and 

0(/A(g)h) =(P{axkbA{g)h) = Xk^{abA{g)h) + eC{a, Xk)bA{g)h G e{J+iq . (45) 

If ^ = axkb then our induction assumption is (f){fA{ab)h) G e{J'+IC) and so 

(f){fA{g)h) =(j){fA{aXkb)h) = (j){f(j){axkb)h - faxkbh) 
=(j){fxk4>{ab)h - faXkbh) + efC{a, Xk)bh 

=Xk(t){f(t){ab)h - fabh) + e{C{f, Xk)(l){ab)h - C{f, axk)bh + fC{a, Xk)bh) 
=Xk(j){fA{ab)h) + eC{f, Xk)A{ab)h G e{J+IC) . 

(46) 

If h = axkb then our induction assumption is (j){fA{g)ab) G e{J'+IC). Let (f){g) = g^ + eg 
where g^ G J-'q. Then 

(t){fA{g)h) =(f){fA{g)aXkb) = (j){f(j){g)axkb- fgaxkb) 
=(t){fg^axkb - fgaXkb) + efgaxkb 

=Xk(j){fgnab - fgab) + eC{fg^a, Xk)b - eC{fga, Xk)b + sfgaxkb 
=Xk(j){fA{g)ab) - exkfgab + sC{fg^a, Xk)b - £C{fga, Xk)b + efgaxkb 
=Xk(j){fA{g)ab) + e{C{fg^a, x^,) - C{fga, Xk) + [fga, Xk])b 

=Xk(t){fA{g)ab) + s(^C{f, Xk)g^a + fC{g^, Xk)a + fg^C{a, xt) - C{f, Xk)ga 

- fC{g, Xk)a - fgC{a, Xk) + [/, Xk]ga + f[g, Xk]a + fg[a, Xk]^b 

=Xk4>{f A{g)ab) + e{C{f, Xk){g^ - g) + [f, Xk]g)ab 

+ ^f{C{gn, Xk) - C{g, Xk) + [g, Xk])ab + ef{{g^ - g)C{a, Xk) + g[a, Xk])b, 
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since 

C{f, Xk){gn -g) + [/, xi]g =C{f, Xk){g^ + eg - g) + ([/, Xk] - eC{f, Xk))g 

=C{f,Xk)A{g)-A{[f,Xk])gelC 

and from lemma El we have 

(l){A{g)xk) =0((^n + sg- g)xk) = Xk(pign) + eC{g^, Xk) - Xk(t){g) - eC{g, Xk) + egxk 
=eC{g^, Xk) - eC{g, Xk) + Xkg^ - Xkig^ + eg) + egXk 
=£C{g^, Xk) - £C{g, Xk) + £[g, Xk] 

and so 

C{gn, Xk) - C{g, Xk) + [g, Xk] G (J+JC) . 

Therefore 

<P{fA{g)h) = <p{fA{g)aXkb) e e{J+}C) . (47) 

Hence from ()45p4(i|47j) we see that (j){f A{g)h) G e{J+lC) where ever the lowest factor of 
fgh occurs. Equation ()44|1 follows. □ 



Definition of dr and 



'oo 



We are now in a position to define 0^ and thus 0oo- We define the linear maps 



r-l 



0, : ^ e'T^ © e'J' (48) 

s=0 

for r G M by induction. Let 0o(/) = / and let 0i(/) = 0(/)- For each r > 1 let the components 
of 0r(/) be given by 

r-l 

Mf) = fr+e'fr where /^^ g s^J-q^ and G ^ , (49) 

s=0 

i.e. consists of all the terms in (pr—iif) with coefficients . . . e''^^ . Set 

0.+i(/) = /!' + ^W.)- (50) 

This results in (f)r{sf) = 0^-1 (/). The limit of these maps is given by the complete ordering 
map: 



oo 



0oo:^^-^'' = 0e'^o'' (51) 

s=0 

where 0oo(/) — 0r (/) £ e^J-"- Given f T then it is easy to see that 

0oo(/) = O ^ <\>rif)^eT VrGN. (52) 
Lemma 7. Given f ^g^h E T then 

<PM<Pooig)h - fgh) G £0oo( J+/C) . (53) 
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Proof. Equation is equivalent to showing 

(t)M<Pr{g)h - fgh) e e<P^{J+lC) (54) 

for all r G N. This we show by induction on r. From theorem IHl we have (f){f(j){g)h — fgh) G 
£{J+1C), hence 0oo(/0i(fl')^ — fgh) G e(j)oo{J+^) so (jHljl is true for r = 1. Assume (IHljl is 
true for r, then letting (pr^o) = + ^^Qr &s in then 

<PM9rh - fgh) + £'-<PM9rh) e e<P^{J+lC) . 

From theoreminiwe have 4'oo{,f4'{.Qr)^ ~ fQr^) ^ s:4'oo{J+^), hence 

e'Mf<l>i9r)h - fgA) G e'+'MJ+IC) C e<p^{J+IC) . 

Thus 

0oc(/0.+i(p)^ - /g^) = (t^M9> + e'f<P{g,)h - fgh) G £0oo( . 

Thus (jSl) and hence □ 

We can now prove the difficult part of theorem 1. 
Theorem 8. H^j^g 

Proof. Given j, /c = l,..,n and f,gEJ-^, then from (jSHj), we have 

4>cx>(^f(f>oo([xi, Cjk] + [xj, Cki] + [xk, Cij]jg - f(^[xi, Cjk] + [xj, Cki] + [xk, Cij]jgj G ecpooiJ+JC). 

But from (^3)) we have 0oo (^[^Cj, Cjk] + [Xj, Cki] + [xk, C'ij] j = 0, hence 

(j)oo(^f([xi, Cjk] + [xj, Cki] + [xk, Cij]^g^ G ecpooiJ+JC) 
which, from linearity, implies 

0oo(J^) C e(t)^{J+IC) . 

From theoreminiwe have 0oo(A^) C £0oo(i7+A^)- Combining these gives 0oo(i7+A^) C £0oo(i7+A^) 
which implies 0oo(i7+/C) = {0}. In other words given f,g,hEJ^vfe have 

0oo(/0oo(fl')^) - (poo{f9h) = . 

This implies 

h)) - C?)h) = 0oo(/0oo(£?^)) - 0oo(0oo(/£/)^) = . 

Hence is associative. □ 
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3 Proof of 0231)=^ (ESD of Theorem 1 



Recall that ()23p states that ^ is a deformation quantization of M". 

Lemma 9. Given f E A such that 7r(/) = then there exists f E A such that f = ef' . 

Proof. Since ipj^ is surjective, there exists j E T such that 'ipj^if) = f- Since T^iip^Cf)) 

lijkbU^i,Xj]c'y^ for some 



'^if) = then / G ker(7r o ipjr) and so / = ea + J2iik^'ij[^i'^j]'^ii ^^"^^ ^^^'ij^^lj ^ ^■ 



Thus 



ijk ijk 



ijk 



□ 



Let Q : C[xi,.., Xn] c JF^ be the linear map given by Q{xYxl^ ' ' ' 2;^") = x[^xl^ ■ ■ ■ ■ 

Since n : A^ C[a;i,.., is a surjective homomorphism, we have vr o ■j/jjp o is the identity on 
C[xi,..,x„]. The following (non commuting) diagram show these maps: 



(55) 




Let 



n-.A^r 



r=0 



(56) 



where 



Lemma 10. : A ^ is well defined and Q, is a left inverse of ipjr, i.e. ipjr o fl is the 
identity of A. 



Proof. We show by induction that 



(57) 



s=0 



It is trivial for r = 0. Assume ()57p is true for r so that G J-'q is defined, then 



TT 



^(/-i:e>^(/. 









1 




( 









r-1 



s=0 
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hence using lemma El (jFTj) is true for r + 1. Thus is true and fl : A ^ J-'^ is well defined. 
Given f ^ A then ipjrfl(f) = f since 

r— 1 oo 
s=0 s=r 

for all r G N, and hence 17 right inverse of ipr- D 
Lemma 11. 

nMf) = <l^oo{f)- (58) 

Proof. From ()32|) we have 

m 

r=l 
m 

= X] ^-^(^(^(l) ■ ■ ■ X^(^r-l))^J^i[Xair),Xi])^jr(x„(r+l) ' " " iCa(m) ) 
r=l 

=V'jr([a;<^(i) ■ ■ ■ a;^(r._i), xi]) 

and so -(/^^([Z, cCj]) = eipjr{C{f, Xi)) for / G J". 

By induction on the number of factors in / G we show 

4^A4>{f)) = Mf) ■ (59) 

This is true for / = 1. Let / = gXih be the lowest factor decomposition of /. Then 

i^AHf)) =iJT{(p{gXih)) = ilJ:f{xi(j){gh)) + iljjr{sC{g,Xi)h) 

=iljjr{xi)iljjr{(j){gh)) + ipyr{[g, Xi]h) = ilJ:f{xigh + [g, Xi]h) = i)jr{gxih) = ipyr{f) . 

Repeatedly applying gives V^0oo(/) = 4^Af)- 

Note that the kernel of ipj^ : J-" A consists of elements of the form f{[xi,Xj] — £Cij)g. 
Thus ker(V'^)n^" = {0}. Hence if / G J^^ then f-Q^p^if) G ker(^^)n-^^ so f-fl^^if) = 
0. 

Hence since (pooif) G we have 

□ 

Theorem 12. 

Proof. Given f,gEJ-'we have 

Given k = 1,.., n then (j)oo{[xj, Xk]) = ecpooiCjk). Since is associative 

=0oo(O) = 4>oo {[Xi, [Xj, Xk]] + [Xj, [Xk, Xi]] + [Xk, [Xi, Xj]]^ 

=(poo([Xi, 4>oo{[Xj , Xk])] + [Xj, (pooilx k,Xi])] + [Xk,(pooi[Xi,Xj])]^ 
=S0oo (^[Xi, Cjk] + [Xj, Cki] + [Xk, Cij]^ 

and using dHj), ^ follows. □ 
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4 Proof of 021)=^ (E31) of Theorem 1 

Proof. If fi is an associative product, then we can define the map 



oo 



TT 



:^^^C[xi,..,x„]; ^ E^'-^J =fo- (60) 



,r=0 



This map is clearly surjective. Furthermore if fi{e, /) = then = (poo^ef) = S(f)oo{f) G so 
0oo(/) = 0, so (jlH) is satisfied. Thus {J^^,fi) is a deformation quantization of C[xi,..,Xn]- □ 



5 Conclusion and Discussion 

We have shown that theorem 1 is true. Thus in order to show that a set of commutation 
relations forms an associative algebra it is simply necessary that the Jacobi identity is satisfied, 
with the correct form of ordering the generators. A further task would be to show that the 
result is independent of how the generators are commuted. 

As stated in the introduction this is the first step to establishing a deformation quantization 
^ of a general manifold A4, as in diagram Theorem 1 shows that i3 is a deformation 

quantization of M". The second step is to show that the polynomials Fg are in the centre of 
the algebra B, i.e. that [Fg, Xi] = for all Fg and Xi. This enables us to quotient by {Fg = 0} 
to give A. 

Since we are commuting generators of a noncommutative algebra in a prescribed way, this 
work is related to noncommutative Groebner bases as in the discussion of orderings. Further- 
more the map : i— > JF is an example of a rewrite system. For instance, the two methods of 
commuting X3X2X1 to give XiX2Xs ()29II3()|1 can be drawn as a hexagon: 



X3X2X1 



X3X1X2 
\ 

X1X3X2 



X2X3X1 
\ 

X2X1X3 



X1X2X3 



This is an example of a permutahedron. If we calculate the difference between fl29p and (jHUj) we 
get the Jacobi identity. So we can say this hexagon represents the Jacobi identity. If we wish to 
consider alternative quantization methods, say working with an associator for non associative 
algebra, then we will consider this and more complicated permutahedra. This has connections 
to higher dimensional algebras. 
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